We study the Euler characteristic modulo 2 of the manifold immersed in the multiple point set of the self-transverse immersions of the real projective space RP n and the Milnor manifold H m,n in the sphere.
Introduction
Let f : V n −→ S n+k be a self-transverse immersion of a closed manifold V n in the (n + k)-dimensional sphere S n+k . Let N d be the manifold that is immersed in the d-multiple point set in S n+k (cf. [3, 5, 8] ). We have the natural d-fold covering p : N d −→ N d (cf. [3, 5, 8] )). In [9] , Szűcs studied the parity of the Euler characteristic of the manifold N d of a codimension one self-transverse immersion of an even-dimensional manifold. One of the present authors proved in [6] that the Euler characteristic modulo 2 of the manifold N d is described as follows:
where w(τ (V n )) is the total Stiefel-Whitney class of the tangent bundle τ (V n ) and e H (ν f ) is the Euler class in H k (V n ; Z 2 ) for the normal bundle of f . Using this formula we study the Euler characteristics modulo 2 of the manifolds N d and N d for the self-transverse immersions of the real projective space RP n and the Milnor manifold H m,n in the sphere. The main results of this paper are as follows. , (2, 7, 3) , (6, 7, 3) , (6, 7, 5) , (6, 7, 7) , (3, 2, 3) , (7, 2, 3) , (7, 6, 3) , (7, 6, 5) or (7, 6, 7) .
Preliminaries
Let f : V n −→ W n+k be an immersion of an n-dimensional smooth manifold
be the tangent map for f , which is a bundle homomorphism between the tangent bundles τ (V n ) and τ (W n+k ).
where T x i V n is the tangent space at x i ∈ V n and N x i V n is the normal space of df (T x i V n ). If for any multiple point y of an immersion f :
We note that an immersion can be approximated by a self-transverse immersion. Let f : V n −→ W n+k be a self-transverse immersion. Let
The orbit space is denoted by
and denote the orbit space by
Then we have the following proposition.
Let w(ξ ) denote the total Stiefel-Whitney class of a vector bundle ξ and let e(ξ ) denote the Euler class modulo 2 of a vector bundle ξ . If f : V n −→ S n+k is an immersion of a closed manifold V n , we denote by ν f the normal bundle of f and by [V n ] the homology fundamental class in H n (V n ; Z 2 ). The following proposition was obtained in [6] .
, we have the formula
As is well known, Thom obtained in [10] that the cobordism ring of unoriented manifolds N * is isomorphic to the polynomial algebra
where V 2k can be chosen to be the 2k-dimensional real projective space RP 2k , and V 2k+1 can be chosen to be the (2k
, m, n > 1 (see [7] ) which satisfies m + n m ≡ 1 mod 2.
On the multiple points of a self-transverse immersion of the real projective space
We investigate a self-transverse immersion f : RP n −→ S n+k with k > 0. Assume that d ≥ 2 and n + k − kd ≥ 0.
Proof. First we see
Therefore, we have the lemma. 2
, where x ∈ H 1 (RP n ; Z 2 ) is the generator and w(τ (RP n )) = (1 + x) n+1 . Let τ (RP n ) be the tangent bundle of RP n and let ν f be the normal bundle for f . As
Lemma 3.1 implies that w s−1 (ν f ) = 0, and so we have (1).
Then e(ν f ) = w s−1 (ν f ) = x k and by the formula ( * )
. 2
By making use of Proposition 2.1 and Theorem 3.2, we have immediately the following.
Let us recall the γ class of KO-theory. For a vector bundle ξ over X let λ i (ξ ) be the i-fold exterior power of ξ and consider the formal power series in KO(X) [t] 
Let V n be an n-dimensional smooth compact manifold and let
Then we have the following.
Then the following result was proved in [1] :
where ν 0 (RP n ) = n − τ (RP n ), and φ(n) is defined as the number of integers s with 0 < s ≤ n and s ≡ 0, 1, 2 or 4 mod 8.
In [9] , Szűcs obtained the condition of a self-transverse immersion of an evendimensional manifold that the Euler characteristic of the manifold immersed in the multiple point set is odd. Here we have the result about the real projective space. Proof. Suppose that there is an f as above. Then, according to Theorem 3.2(1), we consider the case n = 2 l+1 − 1 or 2 l+1 − 2. We see
Therefore, if f : RP n −→ S n+1 is a self-transverse immersion, then n = 1, 2, 3, 6 or 7. On the other hand Hirsch showed in [4] that if n = 1, 2, 3, 6 or 7, then RP n is immersible in S n+1 . We note that an immersion is approximated by a self-transverse immersion. Thus, by Theorem 3.2 and Corollary 3. 
On the multiple points of a self-transverse immersion of the Milnor manifold
In this section we investigate a self-transverse immersion of the Milnor manifold H m,n in the sphere S m+n−1+k . Assume that d ≥ 2, m + n − 1 + k − kd ≥ 0 and k > 0. The Milnor manifold [7] H m,n is defined by 
Proof. Proposition 2.1 implies (1). It follows from Proposition 4.1(4) that
By making use of formula ( * ) and Proposition 4.1 for d ≥ 2 , we calculate χ 2 ( N d ) as follows: Proof. Let m = 2 l without loss of generality. Then there exists an element
On the other hand,
Now we use Proposition 4.1 to calculate
Hence, w s+s −1 (ν f ) = 0 and we complete the proof. 2
In case m = 2 l and n = 2 l , we note that there exists an immersion which holds k < 2 l + 2 l − 1. Indeed Cohen [2] shows that a compact n-dimensional smooth manifold V n (n > 1) is immersible in S 2n−ν 2 (n) , where ν 2 (n) = l with n = 2 i 1 + · · · + 2 i l , i 1 < · · · < i l . Now we apply Cohen's result to the 
Hence,
Here we have the following table. 
Here for m ≥ 2 we define an injection i :
Thus, we have
On the other hand, KO(RP m−1 ) ∼ = Z 2 φ(m−1) , and it is generated by x. Therefore, we complete the proof. , (2, 7, 3) , (6, 7, 3) , (6, 7, 5) , (6, 7, 7) , (3, 2, 3), (7, 2, 3) , (7, 6, 3) , (7, 6, 5) or (7, 6, 7) . Finally, we show that there exists an immersion f : H m,n −→ S m+n+1 for (m, n) = (3, 2), (7, 2) or (7, 6) . It is well known that RP 2 , RP 3 , RP 6 and RP 7 are immersible in the sphere with codimension 1 (cf. [4] ). Let (m, n) = (3, 2), (7, 2) or (7, 6) (2, 7, 3) , (6, 7, 3) , (6, 7, 5) , (6, 7, 7) , (3, 2, 3), (7, 2, 3) , (7, 6, 3) , (7, 6, 5) or (7, 6, 7) .
